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Statistical Modeling

RGB image with L pixels Labeling of L pixels

1. How do we represent p(y,x)?

2. How do we learn p(y, x) from data?

3. How do we predict, e.g COmputep[y

TIND :
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Graphical Models

. Compact representation of large distributions

1 Graph encodes probabilistic dependencies

Ex: Pairwise model

p(ylx) oc IT ¥ilyisx) 11 (i, 95,%)

eV (i,j)€E

y; = {sky, plane, ..., car} @_&'1’;"’"_*’
Only |V|K + |E|K? parameters! @ ' ' ' ' @
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Complexity of Graphical Models

J A graphical model defines family of distributions

Higher-order model

Ed - ‘A-
-' v -,

4-neighbor
pairwise model

()
'..Q.!.
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Are richer models more accurate?

A Total
error
Inference
. —  error
Error
Model
/ error
>

Model Complexity
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Thesis Statement

1 Advocate a “bottom-up” approach to
approximate inference & learning

= Start with simple, cheap approximation

= |mprove through additional computation
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The “Bottom-up” approach

Computational Limit

Error

>
Model Complexity
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The “Bottom-up” approach

Computational Limit

Error

Algorithm B

>
Model Complexity

AN 9



BREN:CS UNIVERSITY of CALIFORNIA O [RVINE

INFORMATION AND COMPUTER SCIENCES

The “Bottom-up” approach

Computational Limit

Error

.
. ="
-

T Algorithm C

- "
——
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Model Complexity
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Overview of Thesis
1. Max Likelihood Learning

=  Computation-limited, approximate learning

2. Computing Marginal Probabilities

= Region choice for Generalized Belief Propagation

3. Most Probable (MAP) Configuration

= Cutting-plane algorithm for weighted matchings

TIND 1
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Outline of this Talk
1. Max Likelihood Learning
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2. Computing Marginal Probabilities

3. Summary
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Outline of this Talk
1. Max Likelihood Learning

= Sources of error in likelihood-based learning

= Computation-accuracy trade-offs in approximate learning
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Parameter Estimation & Prediction

Training Data:

X(n) ’ y(n)
Ji e <
o
©
Model: g
"J; ~
p(ylx;0) = wi =6
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Parameter Estimation & Prediction

Test Point:
tht _ - ytSt
O |
s
&
N
R .
O — p(y|x™";0)— a

15
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Max Likelihood Estimation

J Given a model, p(y;0) = exp (ZH Ye) —log Z 9)),

ceC

find .
0 = argmax {n(0)
OcRP

where,

N
1 . _
=~ d “logp(y'™;8) = iy - 6 —log Z(6)

/

vector of empirical marginals: /i(y.) = ZI[Y M=y,

TIND 16



FORMATION AND COMPUTER SCIENCES

EREN IE= UNIVERSITY of CALIFORNIA O [RVINE
Surrogate Likelihood [wainwright ‘06)
1 Approximate log Z(6) with log Z(6),

In(0) = In(8) = iy -0 —log Z(0)
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Surrogate Likelihood [wainwright ‘06)
1 Approximate log Z(6) with log Z(6),

= fin - 0 —log Z(6)

High iBound
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Surrogate Likelihood [wainwright ‘06)
1 Approximate log Z(6) with log Z(6),
In(0) = In(8) = iy -0 —log Z(0)

Low iBound High iBound

(<P [P

When does better inference mean better learning?

[ X\ I\

>9’lll,

)
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Errors in Approximate Learning
1. Model Error

" Error in approximation to true (unknown) distribution

2. Estimation Error

= Error due to use of finite sample

3. Optimization Error

= Gap between true and surrogate likelihood functions

TIND 20
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Errors in Approximate Learning

1. Model Error
= data sampled as y'™ ~ p(y;6*), where 9* c ©
= fit model witho e o

e.g. pairwise

N models
*
“Yee—
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Errors in Approximate Learning

2. Estimation Error

= optimize empirical (not expected) risk

N
1 .
_ NE:logp(y(n);G) S Ro- [logp(y; )] = > p(y; ) logp(y; )
_ Yy
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Errors in Approximate Learning

3. Optimization Error

= optimize a surrogate likelihood 7 (60) ~ /x (0)

surrogate A (poor) surrogate B (better)

i M
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Empirical Study (l) — Estimation

(™), y™)

Data: D:{—:— i }—)

Model:  p(y|x;60) =

('™, y\"™) = p(y; 6%)

—> 9 MSE: |6 — 0|2

Estimation

. Study estimation error (MSE) as we vary:

= QOptimization Error: inference procedures

= Estimation Error: data set size

= Model Error: mismatch between ©® and ©

TIND 2
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Experimental Setup

[ Create L statistically identifiable models
= Sample 0;(y;)) ~ N(0,07) and 6;;(yi, y;) ~N(0,07;) for

p(y; 0) = exp (Z 0:(yi) + Z 0:(yi, y;) — log Z(B))

eV (i,j)EE

. Sample data sets of size N = {100,...,10000}

 Find 6y = argmax, (x5 (0)

= Using different approximate inference algorithms

TIND 25
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Grid Experiments @ZQZEB

20-by-20 Grid: K=2, ﬁi=ﬂ.'| . ﬁ”.=[].5

.25
— ) WwB,
a2t
= -::@.} WMB,
o
_E 0.15F
ﬂ:‘ ;,-G;-;. WMBq
= -‘\1\? =
0.05f v
—z =
i

2 22 24 26 248 | 42 34 36 38 4

log10(Data Set Size)

TN 26
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Bias—Variance Trade-off
.

na 'l
ol - WM82
" "."'!-"I‘\.I"IB4
o D.04F WMB
MSE: d=20, K=2, 6=0.1, 6.=0.5 3 — B 8
0.25 ! IJ o0 gosf e & - >-—
=T WMB
v 2 0.02
{I_;— » WM B4 0.01 M A .. A <\
s WMB,
0— 28 2 a2 32 35 28 4
0151
Y

025 + WMB,

. WMB,

0.05F

01

0

1 1 ]
386 38 4

1 1
2.8 3

26 3?2 34
log10(Data Set Size)

1 1
2 22 24

Variance

1 1 1 1
2 2.2 24 26 2.8 3 3.2 34 3.6

log10(Data Set Size)
X P 27
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Model Error Experiments

Generate Estimate

Q— L ®
o (XIXI o %

Oir (yis yx) ~ N(0,0%,)

TIND 28




BREN:CS

INFORMATION AND COMPUTER SCIENCES

Model Error Experiments

UNIVERSITY of CALIFORNIA

O

IRVINE

axact

1 _,‘L_,._1.|".|'|'..I'IE2
: WM54

nar WMEﬂ

] 01 0.2

N=100

03 0.4 0.5 0.6
leval ol mis—spacification [um:'

0F

045
axacl
T 04t —7— WMB,
T WME4
0.35 WHB,
0.3
— 0.25
-]
]
T Q2

005

08 03 1 o-

a a1 0.2

N=10000

03 04 05 08 07
lenval of mis—spacification [crm:-

0.8

04

> |ncreasing amount of mis-specification
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Empirical Study () — Prediction

Test Point:

ol

Estimate:

p(y|x=;0) =

Prediction

Typically don’t know §*, compute EffOfpred(S’wtv )

1

]
\ . v 4

Y

Hamming Loss: |V\ ;/I 5 # yi™]

TIND 30
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MRF De-Noising Experiments

. USPS digits data (1100, 16x16 pixel grayscale images)
= Convert to binary and flip pixels with probability p

J Assume a 4-neighbor model:

p(y,z;0) ox exp (Z Osys + D Ouyays + ) Eﬁyfri)
i ij i

d Compute both Err_, and Err

= Err,; computed wrt /5 (0) (using exact inference)

TIND a1
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MRF De-Noising Experiments

Estimation Error Prediction Error

USPS Digit 2 USPS Digit 3 USPS Digit 2 USPS Digit 3
S 5 & 5
= = = E=
E E 2 g
@ = g =
(] L o o
| | | |
(W] L L L
w w w 9y
= = p= =
1 15 2 25 3 1 15 2 25 3 i 15 2 25 3 i 15 2 25 3
log10(Data Set Size) log10(Data Set Size) log10(Data Set Size) log10(Data Set Size)
USPS Digit 4 USPS Digit 5 USPS Digit 4 USPS Digit 5
_ 1.248 - ; 0.1
2 | 2 \ 5 0.14% 5
o o 08 F = T
E 08 E = S 0.09
e ¢ 06} o | ©
0.6 - a 0.09 a
| | | |
W04 w 04 w W 0.08
' ' L BT i ' ' ' Ly fe . . . . o - 00?. . : .. ]
1 1.5 2 2.5 3 1 1.5 2 2.5 3
: . 1 1.5 2 2.5 3 1 1.5 2 25 3
log10(Data Set Size) log10(Data Set Size) log10(Data Set Size) log10(Data Set Size)

= \WMB, ==WMB,
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Foreground/Background Segmentation

Output, y
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Foreground/Background Segmentation

Output, y
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Conditional Random Field Model

p(y|x;6) o< exp (Z Do Ou fulyisx) + X2 EZp prp(yuyjaX))

ieV (i,5)€

Unary Features:

@’ \ @““‘ - Jcolor(x;), ify; = horse’.
"l ' ' _ "f' -..1 Julyi,wi) = 0, otherwise.
:._]:_ J - ) R -

v

> 0.-0 400!
2=0-0--0 00

Pairwise Features:

-

ﬁ: - . fp(yivijx) = {

L ityi=y;, ||z — 4] <e

0, otherwise.

TIND a5
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Quantitative Results

Prediction Error

0.32+

=
Lay
T

Meaan Squarad Error
o o
& &

=

(%

i
T

=]
RS

0.2

1.1 1.2 1.3 1.4 15 16 1.7 1.8 1.9 2 2.1
log10{Data Set Size)

36
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Qualitative Results

input, }( input, }( input, }( input, X
el NS -
label, Y label, Y label, ‘Y’ label, Y

el S 9%

'I.l"\."l"t.l"lB2 MSE: 0.07 WM82 MSE: 0.02 WMBE MSE: 0.21 ".l"1.f'|"|.|"'|BEr MSE: 0.06
. m— i e B
— |-
WMB4 MSE: 0.08 WMB4 MSE: 0.01 WMB4 MSE: 0.18 WMB4 MSE: 0.05
WMB, |
- N .

WMBB MSE: 0.03 WMBS MSE: 0.02 WMBB MSE: 0.14 WMBS MSE: 0.09
o .. T B

-J,: | 37
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Summary of Experimental Study

 If data set is small use a lower iBound method

» Trade smaller variance for increased bias

. Higher iBound does
not yield better

Error

predictions if model

error is dominant .
H—/ Model Complexity

Model Error
Dominant

TIND a8
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The Dream Scenario...

. Given data set N and time budget T, choose the
model and algorithm that minimize test error

= Algorithm 1/
AN Model A

e~ — e m _ __ Algorithm 2 /
~ 7 T Model A

................................ Algorithm 1/

Model B

Prediction Error

(For a fixed N)

Computing time, T
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Outline of this Talk

2. Computing Marginal Probabilities
= Review of Belief Propagation (BP) & Generalized BP

= Choosing Regions via Cycle Bases
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Computing Marginals

After learning p(y) o< Y12(y1, y2)¥13(y1,y3) - - -

want to Compute:
p(yo = 'grass’)?

p(ys = 'cow’)?
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Variational Perspective (wainwrignt & ordan ‘08

J Convert from a summation task...

log Z = log Zer 1] ¥i(ys) 11 Vi (yivyj)

eV (i,j)€E

...to an optimization task

log Z = max [E}, [log ¥ (y)] + H(y; b)

belP \ |
|
Set of valid probability Entropy of
distributions distribution b(y)
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Variational Approximations

1 GBP introduces two approximations

log Z = max [Eb log 4(y)] + H(y;b)

bell
\ J
| |
1) Locally consistent beliefs 2) Approximate Entropy
Hene(y;0) = — Y. crH(yr;b) = — Y cr>.,, br(yr)logbr(yr)
ReR | , ReR

Marginal Entropy on Region R, where Yyp C ¥

TIND 2
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Which Regions do we choose?

Bethe / BP Kikuchi / GBP Exact

A

exp(2) exp(|region|)

Accuracy: low high exact

44
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Region choice is important!

Error in marginal estimates Error in log Z estimates
0.4r '
3_
0.35-
251
0.3fF
e i |_0OpYy BP I
E 025 —e— GBP (all triplets) > 2f =—tp— Loopy BP
I — —8— GBP (all triplets}
GBP (tree robust) =
= - GRBP (tree robust)
= (=]
=] 02 = L
2 215
; 2
® 0.15 2
= = N
0.1
0.5k
0.05
“_ r 1 1 1 1 1 1 1 1 ] r._ ":"'__.-r 1 i 1 1 1 1 1 1
"02 04 06 08 1 12 14 16 18 2 02 04 06 0.8 1 12 14 16 18 2
a La

ij ij

Same complexity; very different accuracies!
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Existing Guidance on Region Choice

[ Choose Regions so that:

~

" H.me(y; b) exact when p(y) nearly uniform
[Yedidia, Freeman, Weiss '02] [Pakzad & Anantharam ‘05]

* Heue(y; b) exact when p(y) nearly deterministic
[Yedidia, Freeman, Weiss '02]

= All fixed points are uniform when p(y) is uniform
[Welling, Minka, Teh ‘05]

TIND 4
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Tree-Robustness [Gelfand & Welling ‘12]

3 Consider a pairwise model p(y) x ( 1;[ Vi (Yis y;)
1,7)EE

47
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Tree-Robustness [Gelfand & Welling ‘12]

] Consider a pairwise model p(y) o< [T % (vi,y5)
JdletT C E beatreeinG

(4,5)eE

48
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Tree-Robustness [Gelfand & Welling ‘12]

] Consider a pairwise model p(y) o< [T % (vi,y5)
JdletT C E beatreeinG

(4,5)eE

J Assume uniform
off-tree factors:

Vi (Y, y5) = 1

49
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Tree-Robustness [Gelfand & Welling ‘12]

] Consider a pairwise model p(y) o< [T % (vi,y5)
JdletT C E beatreeinG

(4,5)eE

J Assume uniform
off-tree factors:

Vi (Y, y5) = 1

O H..o(y: b)is exact
on pr(y) and all
such trees in G/

50
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Is Tree Robustness Desirable?

‘ Accuracy degrades as Regions becomes less Tree Robust! ‘

0.034 ¢
——GBP onFCE
oopmlb L EF (Bethe) B
0.03 [ """"""""""""""""""""""""""""""""""""""""""
:_3:_ 0028t
s -
0.ozz b L ! I ! ! ,
O & 10 16 20 25 30
/ Number of cycles perturbed
Tree Robust > Less Tree Robust
\
AL O o1



BREN:(IC=S UNIVERSITY of CALIFORNIA ﬁ ) IRVINE
INFOR O™ D & | = ER 1 CES =)

-ORMATI AN OMPUT SCIEN

Bottom-Up Region Selection

J Selecting Regions = Finding Cycle Bases in G

pairwise
model

TIND 2
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Bottom-Up Region Selection

J Selecting Regions = Finding Cycle Bases in G

pairwise
model graph, G C,

V) () G
R

TIND 53




BREN:(IC=S UNIVERSITY of CALIFORNIA ﬁ ) IRVINE
INFOR O™ D COMP ER 1 CES =)

-ORMATI AN MPLUT SCIEN

Bottom-Up Region Selection

J Selecting Regions = Finding Cycle Bases in G

pairwise
model graph, G C,

B XTI

TIND 54
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Bottom-Up Region Selection

J Selecting Regions = Finding Cycle Bases in G

C, C, C,
— v U5
\ v J
Collection of outer regions

TIND 55
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ldentifying Tree-Robust Regions
1 Selecting TR Regions = Finding TR Cycle Basis

= Faces of a planar graph:
L= oy gt ] e
= ‘Star’ Construction
A—2) A—2
< IS,
S A Qa 10N QV

TIND 56
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Experimental Results

J Grids with long range interactions

O Algorithms
o 1. GBP with Tree-Robust Core
—O) 2. GBP with ‘ear’ construction
D\Q 3. Loopy BP
J— 4. |terative inn Graph Prop.
4 (JGP) w/ iBound = 4
O—0O

P ¢ ‘ " 57
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L1 error in marginals

Experimental Results

Error in marginal estimates

%10
5 —
GEP (Partially TR) I
45t ___
GBP (FCE) T
abl Eethe ',I
——""LJGP (iBound = 4) | O 4
35F e S
B, 3 L /!
3 I‘"‘L * 1 /-’I ~ \:f'
E B
25 RN o ,xI
7’
2 b 4
/
15} 4
1k
0.5f
I:I 1 1 1 1 1 1 1 1 1 1

1] a 10 14 20 29 30 39 40 45 a0
# of additional edges

>

UNIVERSITY of CALIFORNIA § ) IRVINE

0ir

0.09f

n.0gr

0.07

Ahsolute Error in Inz

003

002

001

Error in log Z estimates

GEP (Partially TR) I

— — - GEBP (FCE)

0.06

.05

0.04

a 10 14 bl Za 30 3a 40 45 a0
# of additional edges

Increasing # of non-planar edges
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Outline of this Talk

3. Summary

TIND 59
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Summary

] Continued need for better inference methods

= Advocate a “bottom-up” approach to inference

J Computation-Accuracy Trade-offs in Learning
= Small N => Low computation inference
= Better inference does not mean better predictions

] Proposed tree-robustness for choosing regions

] Connected finding regions to finding cycle bases

TIND 60
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b1(y1) | . Y

> b12(y1,y2)
miz—1(y1) = yzbl(yl) b1(y1) < bi(y1)miz—1(y1)

— m1_>13(y1)

’R\ = mi1—14(y1) 63
AL O
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iv
\

b1(y1) | . Y

Iterate until beliefs are consistent !

7\ o4
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Generallzed BP [Yedidia, Freeman, Weiss ‘00]
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Generalized BP [Yedidia, Freeman, Weiss ‘00]
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Generalized BP [Yedidia, Freeman, Weiss ‘00]
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Generalized BP [Yedidia, Freeman, Weiss ‘00]

b124(Y1, Y2, Ya)

Z b124(Y1,Y2,Y4)
Yo
b14(y1,y4)

m124—>14(3/17 y4) =

= m14—>134(y13 94)

68
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Domain Size Experiments

10-by-10 Grids: N=100, Gi=0.1, Gij=0.5

6r BP
GBP (faces) i B
5 -
N—
Z 4t
D
|
* 3
D
2 -
-I -
G 14’ 1 1 1 1 1 |
2 25 3 3.5 4 4.5 5

Domain Size (K)
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Domain Size Experiments

* 2
1" -0l

0.21

0181

016

0141

012

01r

0.081

0.06F

0.04

UNIVERSITY of CALIFORNIA O IRVINE
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Domain Size Experiments
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Weighted Matching Problem

[ Given graph G=(V,E) with edge weights {we}ecr
find a matching of total maximum weight

= Matching: subset of E, such that no 2 edges share a vertex

Not a Matching Valid Matching Max Weight Matchinq
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Solving Weighted Matching Problems

J Many efficient algorithms exist

Edmonds 1965 | O(|V|? |E|)

Lawler 1973 | O(|V]3)

Gabow 1974 | O(|V]3)

Galil, Micali, Gabow 1986 | O(|V||E| log|V])

Gabow 1990 | O(|V|(|E|+|V]|log]|V]))
J Recent results using Belief Propagation

Bayati, Shah, Sharma [bipartite graphs] 2005 | O(c | V|3)
Sanghavi,Malioutov, Willsky [general graphs] | 2007 | O(c w™|V|3)
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Solving Weighted Matching Problems

Matching problem as

Integer Program (IP)
match-IP
match-IP as a MAP Linear Programming (LP)
inference problem Relaxation of match-IP
MAP-match match-LP
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Matching as an Integer Program (IP)

d Given graph G=(V,E) with edge weights {we }ccE

match-IP : maxy > wex,

st. >, xz.<1VieV, z.€{0,1} Vec E

ecd(1)
\\ J’ \& )L
Y Y
Vertex Incidence Integrality
Constraint Constraint
N\ J
Y

Together define matching polytope, Pmatch_lp (G)

match-IP
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Linear Programming (LP) Relaxation

d Given graph G=(V,E) with edge weights {we }ccE

match-LP : maxy ) wex,

st. >, xz.<1VieV, z.,€0,1] Vee E

e€d()
\\ JI \\ JL
Y Y
Vertex Incidence Relaxed
Constraint Integrality
Constraint
. J
Y

Define a relaxed matching polytope, Pmatch_Lp (G)

P =
AP / “ ' 76 match-LP
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Matching as MAP Inference

[ Associate a variable with each edge x = {z.}ccE

match-MAP : maxy Y 0.(xe) + > 0;(x;)
ecH eV
where 0 if > z.<1
Oc(e) = Woe 0;(x;) = e€d(i)
—o0 otherwise
\ 1 - 1
Y _ Y
Edge weights Vertex incidence

constraints

NS
] \ MAP-match
Y F 77
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Relationship between polytopes

Feasible Integral
Vertlces / Matchings

Pmatch-LP (G)

Feasible Fractional
/ Vertices / Matchings

TN 78
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Relationship between polytopes
Pmatch—LP(G)

If integral solution to match-LP,
then max-product BP on MAP-
match is provably exact

bipartite graphs [Bayati, Shah, Sharma ‘05]
general graphs [Sanghavi, Malioutov, Willsky ‘07]

match-IP

BP =

MAP-match match-LP
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What if match-LP is loose?

P asch-Lp (G) Solution of
L match-LP is
* fractional
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What if match-LP is loose?

\
\
7Dnlatch-LP (G) S
Remove fractional
* solution by adding
/ constraints
\
\
\
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What if match-LP is loose?

S
\

Pmatch-LP (G) S

N
N

A Solution of match-LP
with additional cutting

/ plane constraint
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Edmonds and Blossom Constraints

. Matching polytope is also given by [edmonds 65):
7Dmatch-IP (G) — 7Drnatch-blosson'l-LP’ (G)

Praten-bossomrr (G) = {x € [0, 1]IF! | x(§(3)) < 1, Vi €V,

> xeng_l, VSES}

ecE(S)
7 /

All odd-sized

Edges w/ both ends in S subsets of V

E(S) =1{(1,7) € E|i,j € 5}
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Edmonds and Blossom Constraints

. Matching polytope is also given by [edmonds 65):
7Dlrnatch-IP’ (G) — Pmatch-blossom-LP (G)

Praten-bossomrr (G) = {x € [0, 1]IF! | x(§(3)) < 1, Vi €V,

Subset of Size 3 > xe < |S| L VSES}

Constraint: xi; + i + 21 <1
L5 mzk

i Ré éli Removes: ;; = i = Tjp =
@INS o4
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Solving Weighted Matching Problems

Matching problem as

Integer Program (IP)
match-IP
match-IP as a MAP Linear Programming (LP)
inference problem Relaxation of match-IP
MAP-match match-LP
Bayati, Shah, Sharma [bipartite graphs] 2005 | O(c | V|3)

Sanghavi,Malioutov, Willsky [general graphs] | 2007 | O(c w™|V|3)
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Overview of Results

Tightened Relaxation

A

match-IP > match-LP > match-LP,

MAP-match > match-MAP-LP ——> match-MAP-LP,
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